This paper characterizes the stability of a rigid rocking block subjected to a family of multi-lobe pulse ground motions. It unveils a counter to intuition plurality of overturning (OT) modes despite the short duration and bounded energy of the examined ground motions. Accordingly, it describes with original closed-form expressions the critical conditions of all OT modes involving a finite number of impacts. It also proposes pertinent semi-analytical, exact analytical and approximate analytical solutions with respect to the determination of the (unknown) times of impact, as appropriate. The analysis reveals that the first, or lower bound, critical OT mode is in most cases toppling during free rocking after one impact specifically before the end of the pulse. For this case, it elucidates the physical mechanism behind the timing of impact that produces minimum amplitude and maximum amplitude critical OT, respectively, and proposes pertinent closed-form approximations. Finally, the study derives, in 'universal' terms, global 'safety walls' against rocking OT considering a large number of different pulse shapes.
Introduction
The dynamics of a slender free-standing rigid block rocking, without sliding or bouncing, during horizontal ground motion is a classical problem in numerous fields. It has been examined, for over a century, among others, from an earthquake engineering (e.g. [1] ), a nonlinear dynamics (e.g. [2] ), a dynamical systems (e.g. [3] ), a non-smooth dynamics (e.g. [4] ) and a stochastic dynamics (e.g. [5] and references therein in all the above) perspective. Depending on the field, the particular focus and research methodology to approach the rocking problem change. In earthquake engineering, the stability of the block during transient response to a finite duration base excitation is an issue of major importance, as it directly relates to seismic safety and engineering failure.
A particular goal of the present study is to characterize the stability of the rocking block to pulse ground motions by means of closed-form solutions. The emphasis on pulses stems from the realization (e.g. [6, 7] ) that rocking structures are particularly vulnerable to coherent long period ground motions, as their 'effective' frequency depends on the response amplitude and hence they do not resonate under a constant frequency. In his seminal paper [8] , Housner derived closed-form solutions concerning rocking overturning (OT) under constant and half-sinus acceleration pulses. More than 30 years later, Anooshehpoor et al. [9] described lower bound OT during a complete sinusoidal pulse with quasi-analytical conditions; where the unknown time of impact has to be determined numerically. Shortly after, Zhang & Makris [6] revisited the same problem of the sinusoidal pulse and identified OT modes with and without impacts and corresponding quasianalytical solutions. Extending the work of [6, 9] , Dimitrakopoulos & DeJong [10] offered complete approximate analytical solutions for a sinusoidal pulse, as well as, a 'universal' dimensionless and orientationless description of rocking response. Most recently, Voyagaki et al. [11] derived exact analytical solutions (EASs) for a general family of half-cycle pulses and for a full-cycle rectangular pulse [12] . Lastly, it is worth mentioning that, with reference to harmonic excitation, the existence of multi-impact OT modes was already known in nonlinear dynamics and dynamical systems literature, e.g. [13, 14] , and that Lenci & Rega [3] proposed pertinent closed-form solutions of the 'first' OT mode.
This study is motivated by the possibility of 'transient predictabiliy' and 'ordering' [15] , in spite of the frail and generically unpredictable nature of rocking dynamics. Evidence of such predictability seems indeed to arise when coherent pulses dominate the rocking response even if the ground motion contains a stochastic high-frequency component [16] . These recent results increase the incentive to examine the influence of the shape of the pulse on transient rocking and particularly on OT. To this end, this study considers a family of parametrized multi-lobe pulses and identifies all transient OT modes of the rocking block. It then elucidates the physical mechanism behind the critical timing of impact and offers original closed-form conditions of OT. Finally, the study proposes global 'safety walls' against rocking OT in 'universal' terms considering a large number (i.e. 162) of different pulse shapes.
Problem presentation and governing equations
The rocking response of a rigid body is an archetypal model for a wide class of rocking structures [17] , and a typical example of non-smooth dynamic behaviour (e.g. [2] ). This study focuses on the transient rocking response to multi-lobe parametrized pulse ground motions of finite duration.
(a) Parametrized pulse ground motion
Various mathematical wavelets have been proposed that can capture both qualitatively and quantitatively the distinct coherent pulses of (usually) near-fault ground motions [7, 12] . The Mavroeidis and Papageorgiou [18] wavelet (abbreviated henceforth as M&P) is a well-established analytical model which hinges on four parameters (figure 1): the velocity amplitude of the envelope of the signal A p , the prevailing angular frequency ω p , the phase of the amplitudemodulated harmonic ν p and the oscillatory character (i.e. number of half cycles) of the signal γ p . Note that the peak velocity of the wavelet is not, in general, equal to the envelop amplitude A p . Its velocity time-history expression iṡ The four parameters make the M&P pulse very flexible [7, 19] . Importantly, the two parameters γ p and ν p control the shape of the pulse and allow a systematic investigation of its effect on OT. Figure 1 shows the acceleration time-history shape of the M&P pulse for γ p from 1 to 3 and ν p from 0 • to 180 • .
(b) Rocking initiation
Consider a rigid block subjected to a ground acceleration time-historyü g ( figure 1 ). Assuming there is no sliding, rocking begins once the moment of the inertia forces about the pivot point O (or O') exceeds the restoring moment of the weight. This moment equilibrium condition defines the minimum acceleration capable of initiating rocking a g,min :
where g is the gravitational acceleration and α is the angle of slenderness. Substituting the acceleration time-history of an M&P pulse into equation (2.2) allows the numerical determination of the corresponding phase angle ψ at time τ = 0 when rocking begins:
(c) Equations of motion and solutions
Moment equilibrium about the pivot point O, or O', (figure 1) returns the equations of motion (EOMs) while the block is rocking:
where θ is the rocking (rigid body) rotation, I 0 is the moment of inertia with respect to the pivot point, m is the mass of the block and R is the half-diagonal (figure 1). When α is small, equation (2.2) simplifies to a g,min = gα and equation (2.4) can be linearized and condensed to [10] 
where p is the frequency parameter, equal for a rectangular block with p = 3g/(4R), and sgn(θ) is the signum function (=1 if θ > 0, =0 if θ = 0 and =−1 if θ < 0). Equation (2.5) is a set of ordinary differential equations which depends on the sign of θ. Following [10] , all equations henceforth read in the dimensionless terms
where φ is the dimensionless rotation, τ is the dimensionless time, ω is the frequency ratio, and a is the dimensionless slenderness, or the inverse of the 'uplift strength' [11, 12] . A prime denotes differentiation with respect to the dimensionless time τ , hence φ =θ/(p 2 α). Under the (slender rigid pure rocking) assumptions of the present analysis, the governing dimensionlessorientationless groups a, τ , ω, η, γ p and ν p represent the minimum set of parameters that describes completely the response. Recall [10] that for non-slender blocks which undergo large rotations, the dependence of the response on the slenderness angle α should be considered explicitly, or alternatively, an approximate description can be adopted.
For an M&P pulse excitation, the EOM (2.5) can take the dimensionless form:
where
is the time instant the pulse ends. Conveniently, equation (2.7) allows for an analytical solution. The (dimensionless) rotation time-history, for the forced τ ≤ τ ex and the free τ > τ ex , rocking stage, respectively, is
Constants A and B depend on the initial conditions of each response sequence. The subscripts n and m stand for the number of preceding impacts during the forced-and the free-rocking stage, respectively. The use of a single subscript, e.g. A n or B n , indicates that the block is still under forced rocking (as opposed to free rocking) and n impacts have occurred. It follows that n and m are non-negative integers, hence n, m ∈ Z with n ≥ 0 and m ≥ 0. i n denotes the sign of the rocking rotation sgn(φ) after n impacts (e.g. figure 4 ):
thus i n = ±1 and i 2 n = 1. i 0 (= ±1) is the sign of the starting rocking rotation φ(τ = 0 + ) = φ + 0 , and is opposite to the sign of the ground acceleration at the time rocking commences:
Finally, function Ξ (τ ) is the complementary solution of the differential equation (2.7) for τ ≤ τ ex , and captures the effect of the specific ground motion on rocking response:
To keep equation (2.11) short, appendix A introduces the abbreviations C 1 to C 3 which are constant in the dimensionless time τ and depend solely on ω and γ p . The differentiation of rotation φ from equation (2.8) with respect to the dimensionless time τ gives the dimensionless angular velocity φ : in which Ξ is the first derivative of Ξ with respect to τ . Function Ξ (τ ) and its time derivatives Ξ (τ ) and Ξ (τ ) (both given in appendix A) are long but simple expressions of basic functions and therefore are treated as known in the following.
(d) Treatment of impact
During rocking, continuous (smooth) motion is interrupted by (non-smooth) impacts at the pivot points. Assuming pure rigid rocking behaviour, impact takes place whenever the rocking rotation changes sign φ(τ i ) = θ (pt i )/α = 0. After impact, the body switches pivot point and rocking continues about the new pivot point. This assumption is reasonable for a slender enough body and sticking conditions in the tangential contact direction (i.e. no sliding). At the time instant of impact, say at τ = τ i , there is a sudden velocity change (i.e. a non-smooth velocity 'jump') from the pre-impact angular velocity φ − =θ − /(pα) to the post-impact angular velocity φ + =θ + /(pα). The coefficient of restitution η is an additional dimensionless governing parameter of the rocking problem [10] 
(e) Rocking termination
Though often overlooked, one additional peculiarity of rocking dynamics is the way rocking motion terminates. Unlike the smooth motion of an elastic oscillator which decays exponentially due to continuous damping, a rocking block comes to rest through a sequence of (theoretically) infinite impacts in finite time.
To demonstrate this point, consider the free-rocking response of a block starting from a small initial rotation amplitude φ 0 (figure 2). Conservation of energy during free-rocking shows that the pre-impact velocities φ − n of successive impacts are related as
Accordingly, the reduced amplitude after the nth impact φ(τ n ) = φ n is
The exact expression of the corresponding nth quarter period (figure 2) is However, for small enough amplitudes (e.g. φ n < 0.05) a first-order approximation of equation (2.16)
gives a satisfying accuracy (error < 2%). Substitution of φ n from (2.15) into (2.17) leads to
Therefore, the time the block takes to come to rest, during free rocking and initial small amplitude φ 0 (with φ 0 < 0.05), is given by the infinite series
To illustrate the convergence of the infinite series
The right-hand side of inequality (2.20) represents a convergent geometrical series
T n converges also, by virtue of the comparison criterion (e.g. [20] ). The convergence of this infinite series creates an 'accumulation point' [21] in the response history, which marks the transition of the block from the dynamic (rocking) motion to static immobility (figure 2). A numerical way to capture this transition is with a velocity/energy tolerance criterion which determines when the rocking motion has terminated.
Overturning conditions
The present approach builds primarily on the work of [6, 12, 22] to extend the approximation method introduced originally in [10] . A rocking block exhibits various OT modes, with respect to the sequence of impacts preceding toppling. For instance, OT without impact, or with one, or more, impacts prior to OT. This section seeks the critical OT conditions, under which a minimum (or maximum) amplitude pulse causes OT. To clarify, a minimum (or maximum) amplitude (i.e. dimensionless slenderness a) pulse causes critical OT if an infinitesimally smaller (or higher) amplitude pulse does not produce OT according to the same OT mode, everything else, i.e. ω, η, γ p and ν p , being equal. Regardless, critical OT takes place during the free-rocking stage (τ > τ ex ) when the angular velocity φ tends to a minimum as τ → ∞ [6, 12] :
A corollary, non-OT condition is that when more than one impacts take place after the end of the ground motion the block does not overturn [12] , thus m ∈ {0, 1}. Even for a given (M&P) wavelet, the rocking block exhibits a plurality of OT modes (figure 3). Figure 4 classifies the different OT modes of the rocking block, while the remaining part of §3 specifies condition (3.1) for all physically feasible OT modes. This study names the various OT modes with the use of two numbers separated by a comma, following the same convention used for the initial conditions constants A n,m and B n,m . For example, 'Mode (n,m)' stands for OT after n impacts during the forced-rocking stage, and m impacts during the free-rocking stage. Therefore, Modes (0,0), (1,0) and (0,1) (figure 3) correspond to OT without prior impacts, with one impact before the end of the pulse, and with one impact after the end of the pulse, respectively. The only ... (a) Mode (0,0): no impact overturning
Consider a rigid body which commences rocking from rest initial conditions (φ(τ = 0) = φ 0 = 0, φ (τ = 0) = φ 0 = 0) and ultimately overturns without any impact under a minimum ground acceleration amplitude (e.g. figure 3 ). Equations (2.8) and (2.12) give a system of equations with unknowns, the constants A 0 and B 0 , and solution
and Naturally, the OT condition (3.5) does not depend on the coefficient of restitution since no impact occurs before OT. OT mode (0,0) represents an 'upper bound' beyond which OT occurs without any preceding impacts (named 'immediate overturning' in [3] ).
(b) Mode (1,0): one impact before the end of excitation
With reference to figure 3, assume one impact takes place during the forced-rocking stage, before the body finally overturns during the free-rocking stage. Section 4 explains how the critical time instants of impacts can be determined. For now, let the time instant of impact be τ = τ 1 = pt 1 , and in a manner analogous with Mode (0,0), ensure that (i) the rotations before and after impact are continuous and (ii) that the pre-and the post-impact velocities follow the impact rule (2.13):
where η is the coefficient of restitution. The solution of the system of equations (3.6) yields the unknown constants A 1 and B 1 :
and After impact, the excitation ends and the free-rocking stage follows. Repeating the same 'manifold continuation' procedure, before and after the end of the excitation, returns the unknown constants A 1,0 and B 1,0 :
e τ ex 2 and
The critical OT condition for Mode (1,0) is B 1,0 = 0, and is simplified further in equation (4.13) after the substitution of the approximated time of impact τ 1 .
(c) Modes (n,0): two or more impacts before the end of the excitation Mode (2,0) is similar to Mode (1,0) until the occurrence of the first impact (e.g. figure 3 ). Hence, A 1 and B 1 are as in equation (3.7). The 'manifold continuation' conditions before and after the second impact allow the calculation of A 2 and B 2 (figure 4):
and
Similar to equation (3.8) A 2,0 and B 2,0 are
Accordingly, the critical OT condition for Mode (2,0) is B 2,0 = 0. Further, the comparison of equations (3.4), (3.8) and (3.10) of OT Mode (0,0) to Mode (2,0), respectively, reveals that for n impacts during the forced-rocking stage A n,0 and B n,0 are
where A n and B n are given by the recursive equations:
with the aid of (3.12) one can calculate the critical condition for Mode (n, 0) B n,0 = 0, for any finite positive integer n. Again, postponing the discussion about how to determine the time of impact τ = τ a , the (i) continuity of rotations and the (ii) impact rule (2.13) yield a system of equations (similar to (3.7)), the solution of which returns the unknowns A 0,1 and B 0,1
where A 0,0 and B 0,0 are given from equation (3.4). The corresponding OT condition B 0,1 = 0 is simplified later (4.4) after substitution of τ a .
(e) Modes (n,1): n impacts before, and 1 after, the end of the excitation Mode (n,1) differs from Mode (n,0) after the end of the excitation (figure 4). Consequently, constants A n , B n and A n,0 , B n,0 are given from (3.12) and (3.11), respectively. Again, the 'manifold continuation' conditions before and after the time instant of impact τ = τ a : (i) φ + (τ a ) = φ − (τ a ) = 0 and (ii) φ + (τ a ) = ηφ − (τ a ) yield the unknown constants A n,1 and B n,1 . The critical OT condition B n,1 = 0 for Mode (n,1) becomes
with A n,0 and B n,0 given from (3.12) and n any finite positive integer. Finally recall that [12] when more than one impact takes place during free rocking, i.e. m > 1, the block does not overturn. Thus, the OT modes summarized in figure 4 constitute all physically feasible OT modes when the number of impacts preceding OT is finite. With the exception of the Mode (0,0) OT condition (3.5) though, all other OT conditions entail the calculation of the time instants of impacts (e.g. τ 1 , τ 2 , τ a ). Given the values of these time-instances, the OT conditions of this section are readily applicable for any M&P pulse.
Time instants of impact: proposed solution strategies
From the standpoint of an event-based approach [21] , rocking response can be decomposed into (smooth) continuous motion and (non-smooth) impact events (e.g. figure 3 ). This decomposition presupposes the determination of the time instant of impacts. The solution of the smooth motion, in between successive impacts, is given by (2.8) and (2.12) and-for slender blocks-is exact. On the contrary, the time instants τ i impact takes place are determined by the transcendental equation φ(τ i ) = 0 (2.8), which, in general, does not admit a closed-form solution.
For the smooth motion, all solution strategies presented in the following, use the (same) exact closed-form expressions (2.8) and (2.12). The various solution strategies differ solely in the treatment of the time instants of impact. Specifically, a first approach is 'semi-analytical' solutions (SASs) which combines the exact expressions of the smooth motion with numerically determined time instants of impact (as e.g. in [23] ). 'Exact-analytical' solutions (EASs) are also feasible when the transcendental equation φ(τ i ) = 0 admits analytical solutions. When equation φ(τ i ) = 0 does not admit analytical solutions, this study approximates the time of impact and offers 'approximate-analytical' solutions (AASs). As the analysis shows later on, this approximation is necessary to describe in closed-form the first OT mode [3] abbreviated henceforth as FOT, i.e. OT under minimum excitation intensity a given a specific frequency ratio value ω. Throughout this paper, the 'numerical integration' of equations (2.7) and (2.13) describing rocking response is considered exact.
(a) Semi-analytical solutions and discussion
The OT spectrum (e.g. figure 5 ) visualizes the OT behaviour of the rocking block on the control space (a, ω) given an η-value and a specific pulse shape (e.g. γ p = 1 and ν p = 0). Its abscissa reads in terms of the frequency ratio ω, and its ordinate in terms of the dimensionless slenderness a. The non-shaded area of the control space is the 'safe' area where the rocking block survives the excitation without OT. The shaded areas of the spectrum correspond to different rocking OT modes. In general, the darker the shade of the area (in figures 5 and 6) the more complicated the corresponding OT mode. Figure 5 also shows how the overall OT envelope is formed from the distinct OT conditions, e.g. B 0,0 = 0 or B 1,0 = 0. The SAS provide the thresholds of the distinct OT mode regions tracking the zero crossings of the pertinent conditions e.g. B 1,0 = 0 (3.8). In other words, the SAS evaluate directly the critical condition (instead of calculating numerically the whole response-history) that is applicable at each point of the control plane (a, ω) after determining the number of impacts (n) for that particular point according to figure 4. The SAS are in excellent agreement with the pertinent numerical solutions (e.g. figures 3-7) and hence, further comparison is omitted for brevity. The OT spectrum of figure 5 is composed of two zones, a low-amplitude zone with ordinate values 0 ≤ a ≤ 5.5, and a high-amplitude zone for a ≥ 5.5. The OT modes and shape features of the low-amplitude zone 0 ≤ a ≤ 5.5 are reminiscent of the pertinent sine pulse OT spectrum (e.g. [10] ). The higher amplitude zone though includes OT modes with multiple impacts when 5.5 ≤ a ≤ 6.0 and 0 < ω ≤ 2.3. Note that below and above amplitude a = 5.5 the rocking motion commences for a different time instant of the ground acceleration history and, as a consequence, the input ground motion the block experiences (indicated with thick solid versus thin dashed line in figure 5, right) is distinctly different. Thus, for ordinate values just above a = 5.5 an early low ground acceleration peak, barely larger than the minimum ground acceleration required to initiate rocking (equation (2.2) ), sets the block into rocking motion. Under such weak forcing, rocking amplitude remains small and multiple impacts occur (figure 3), until the arrival of the subsequent higher acceleration peak which causes OT when 0 < ω ≤ 2.3. The exact number of impacts in such a case is somewhat arbitrary and can be very large. is a distinct trait of non-smooth systems known as 'chattering' behaviour [24, 25] and has not received the attention it deserves in rocking literature. In particular, there is a need to analytically define the thresholds of the OT regions dominated by chattering behaviour; this task however, is beyond the scope of the present paper. Depending on the number of peaks with increasing amplitude in the acceleration history of the ground motion, more than one discontinuity zone might arise in the OT spectrum ( figure 6 ). The detailed shape of the distinct OT regions is very sensitive to the shape of the (M&P) pulse. The rows in figure 6 present the OT spectra for M&P pulses of different half-cycles γ p , whereas its columns are for M&P pulses of different phase ν p . Overall, figure 6 unveils a counter to intuition plurality of OT modes considering the examined pulses are ground motions of short duration and of bounded energy. As the number of half-cycles γ p of the ground motion increases, higher energy OT modes (including multiple impacts and larger amplitude rocking) emerge. For instance, for a = 5.2, ω = 4, γ p = 3, ν p = 135 • the block overturns according to Mode (2,0) of figure 3 , and according to a similar mode for a = 7, ω = 4, γ p = 3, ν p = 0 (not shown). Yet, the 'first' or 'lower bound' OT mode, i.e. the OT mode which appears for minimum ordinate a, is for almost all abscissa values ω and pulses (figures 5 and 6) Mode (1,0): OT after one impact during the forced-rocking stage. An exception to this rule emerges for higher γ p > 4 and η > 0.9 values (e.g. right column of figure 6 ), when the FOT mode becomes one of these multi-impact high-energy OT modes (e.g. Mode (2,0) of figure 3 ). The focus of this study is on the characterization of the relative importance of the various OT modes on the seismic stability of the rocking block. In the case of multi-impact modes, the exact number of impacts involved is highly sensitive on the detailed characteristics of the unpredictable time-history of the ground motions and is therefore not emphasized herein. Instead, the OT plots of figures 5 and 6 depict multi-impact modes as Mode (N,0) even if they involve a different number of impacts. Depending on the shape of the pulse, the coefficient of restitution η might also have a strong influence on the OT spectrum. For instance, for γ p = 1 and ν p = 90 • a lower η value (i.e. higher energy loss during damping) can reduce drastically the unsafe area of the OT spectrum, especially for intermediate 2 ≤ ω ≤ 4 frequencies and 2 ≤ a ≤ 6 amplitudes. On the contrary, for γ p = 1 and ν p = 135 • even an η value as low as 0.8 does not make (overall) a dramatic difference in the stability of the block. Lower η values (higher energy dissipation at impact) however diminish, or prevent, the emergence of higher (multi-impact) OT modes, e.g. Mode (2,0). In general, the ability of the inherent damping of rocking to enhance stability is limited, which motivated research on passive protection of rocking structures, e.g. [23] . The proposed SAS allow fast generation of a large number of rocking OT spectra. Figure 7 plots the OT boundaries of M&P wavelets with ν p from 0 • to 170 • with an interval of 10 • , and γ p from 1 to 3 (top row) with an interval of 0.25, and from γ p from 1 to 4 (bottom row), respectively. Even though the OT boundary of each pulse might be complicated and hard to predict, the global 'safety wall' the 162 OT boundaries form (top row) is remarkably simple. For amplitudes larger than a > 1.3, the global safety wall is described closely by a scale law of the form a = μ 1 ω μ 2 , where constants μ 1 and μ 2 are determined by regression analysis and depend also on the coefficient of restitution. Importantly, this safety wall is determined by OT Mode (1,0) . This can be verified plotting only the boundaries of Mode (1,0) OT, but can also be inferred by the comparison of the two rows of figure 7. The only difference between the two rows of figure 7 is that the bottom row contains, in addition, the OT boundaries of M&P wavelets with γ p from 3 to 4. For these additional M&P wavelets with more half-cycles, the presence of higher OT modes involving more than one impact before toppling is more pronounced and causes the occasional violation of the safety wall. As expected, increasing the damping during impact (e.g. η = 0.80 of the left column compared to η = 0.96 of the right column) reduces the number of violations.
(b) Exact analytical solutions and discussion
When impact takes place during the free-rocking stage (Mode 0,1 in figures 4 and 5), the unknown time instant of impact τ = τ a is given from φ(τ a ) = 0 (2.8) whose general form is
The transcendental equation (4.1) admits an exact closed-form solution [10] :
The solution exists as long as 4A n,0 B n,0 ≤ 1, where 4A 0,0 B 0,0 is equal with
3)
The substitution of the exact time of impact τ a = pt a (4.2) into equation (3.14) returns the exact closed-form OT condition for Mode (0,1) ( §3d
The OT Conditions (3.5) and (4.4) of Mode (0,0) and Mode (0,1), respectively, are exact (e.g. figure 5 ) but of limited practical significance. From an engineering perspective, the most important OT mode is the first overturning (FOT) mode; i.e. the OT mode which occurs under minimum amplitude excitation (dimensionless slenderness a) given a frequency ratio ω. (c) Approximate analytical solutions and discussion
As figures 5 and 6 unveil the FOT mode for most cases examined is Mode (1,0) ; OT after one impact specifically before the end of the pulse. The corresponding equation giving the time of impact during the forced-rocking stage is φ(τ n ) = 0:
In contrast to (4.1), equation (4.5) does not admit an exact closed-form solution, as the nonexponential term i n + Ξ (τ ) is not constant but a function of time. Instead, the present section seeks an approximate closed-form description of OT Mode (1,0). In particular, it devises a physically motivated approximation extending the approach introduced originally in [10] . the proposed approximation is to convert the non-solvable transcendental equation (4.5) to a locally equivalent transcendental equation, which is approximate but solvable; of the form of (4.1). This is a non iterative two-step procedure, as follows.
(i) Step 1: A rough approximation of the time instant of impact
The first step is to estimate the neighbourhood of the time instant of impact τ 1 . Two cases are of interest: (i) minimum critical Mode (1,0) OT, which as explained is the most important OT mode from an engineering standpoint, and (ii) maximum critical Mode (1,0) OT. The addition of this first step extends the original approach of [10] which was applicable solely for a sinusoidal pulse, to a wide family of pulse ground motions (e.g. the M&P wavelets).
Focusing on minimum critical OT, recall that a constant amplitude trigonometric ground motion maximizes the energy input in a rocking block, when its 'time-history is of opposite sign of the current angular velocity' of the block [22] . This maximization of energy input condition, named 'rocking resonance' [22] , in effect describes the minimum amplitude excitation which can (potentially) produce critical OT. M&P pulses are ground motions of varying amplitude and of bounded energy, hence the above-described rocking resonance condition [22] is not directly applicable. Nevertheless, we assume that the M&P pulse which corresponds to minimum 'critical' OT is an excitation that maximizes the energy input ( E in figures 8 and 9) during (specifically) the first cycle of the pulse once rocking commences. Accordingly, the first zero-crossing of the ground acceleration τ g1 (after rocking initiation) should approximately coincide with the timeinstant of instantaneous immobility (zero response velocity) τ s of the rocking block. In terms of figure 8 this approximation reads: τ g1 τ s . The velocity of the block then reverses and, soon after, impact takes place before the block finally overturn in the opposite direction.
Hinging on τ g1 τ s , one can estimate the unknown time of impact. Let φ(τ g1 ) = φ g1 and φ (τ g1 ) = φ g1 denote the rocking rotation and the rocking velocity at the time of the first zerocrossing of the ground acceleration τ = τ g1 . Under conditions of minimum amplitude critical OT both φ g1 and φ g1 are typically small, φ g1 because of the rocking resonance effect, and φ g1 since the motion of the block has to reverse before finally OT in the opposite direction. Had the block been under free-rocking conditions, impact would have taken place within a quarter period duration after τ g1 , which is equal with (2.17) |φ g1 | √ 2. Since the block is under forced-rocking, impact takes place somewhat earlier τ g1 < τ < τ g1 + |φ g1 | √ 2. For simplicity, assume that within that time interval the block is under constant amplitude acceleration equal to the average acceleration:
